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Abstrat
For systems of three idential partiles in whih short-range fores produe shallow
two-partile bound states, and in partiular for the pion-less Eetive Field Theory of
Nulear Physis, I extend and systematise the power-ounting of three-body fores to
all partial waves and orders, inluding external urrents. With low-energy observables
independent of the details of short-distane dynamis, the typial strength of a three-
body fore is determined from the superial degree of divergene of the three-body
diagrams whih ontain only two-body fores. This naïve dimensional analysis must
be amended as the asymptoti solution to the leading-order Faddeev equation depends
for large o-shell momenta ruially on the partial wave and spin-ombination of the
system. It is shown by analyti onstrution to be weaker than expeted in most
hannels with angular momentum smaller than 3. This demotes many three-nuleon
fores to high orders. Observables like the
4S 3
2
-sattering length are less sensitive to
three-nuleon fores than guessed. I also omment on the Emov eet and limit-yle
for non-zero angular momentum.
Suggested PACS numbers: 02.30.Rz, 02.30.Uu, 11.80.Jy, 13.75.Cs, 14.20.Dh, 21.30.-x,
25.40.Dn, 27.10.+h
Suggested Keywords: Eetive Field Theory, three-body system, three-body fore,
Faddeev equation, partial waves, Mellin transform.
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1 Introdution
Three-body fores parameterise the interations between three partiles on sales muh
smaller than what an be resolved by two-body interations. Traditionally, they were often
introdued a posteriori to ure disrepanies between experiment and theory, but suh an
approah is of ourse untenable when data are sare or absent, preditive power is required,
or one- or two-body properties are extrated from three-body data.
The pivotal promise of an Eetive Field Theory (EFT) is that it desribes all Physis
below a ertain breakdown-sale to a given auray with the minimal set of parameters,
and that it hene predits in a model-independent way the typial strength with whih also
three-body fores enter in observables. This promise is based on a dimension-less, small
parameter: the typial momentum of the low-energy proess in units of the breakdown-
sale, namely of the sale on whih details of the short-range interations are resolved. It
allows one to trunate the momentum-expansion of the fores at a given level of auray,
keeping only and all the terms up to a given order, and thus establishes a power-ounting
of all fores. One an then estimate a priori the experimental auray neessary to dis-
entangle partiular eets like a three-body fore in observables.
The power-ounting is to a high degree determined by naïve dimensional analysis [1℄.
As low-energy observables must be insensitive to the details of short-distane Physis, they
are in partiular independent of a ut-o Λ employed to regulate the theory at short dis-
tanes. Typially, a divergene from loop integrations must therefore be anelled by at
least one oeient C(Λ) in the EFT Lagrangean, whih thus also enodes short-distane
dynamis. This ounter-term enters hene at the same order as the rst divergene whih
it must absorb. It ensures that the EFT is ut-o independent at eah order, and there-
fore renormalisable and self-onsistent. With the running of the ounter-term thus deter-
mined, its initial ondition provides an unknown, free parameter whih has to be found
from experiment. Naïve dimensional analysis assumes now that the typial size of the
ounter-term is natural, i.e. at most of the same magnitude as the size of its running:
C(Λ) ∼ C(2Λ) ∼ C(2Λ) − C(Λ). Thus, it guarantees that the EFT ontains at a given
order the minimal number of free parameters whih are neessary to render the theory
renormalisable, and by that also the minimal number of independent low-energy oeients
neessary to desribe all low-energy phenomenology to a given level of auray.
When all interations are treated perturbatively, like in Chiral Perturbation Theory in
the purely mesoni setor, naïve dimensional analysis amounts to little more than ount-
ing the mass-dimension of an interation [1℄. I will demonstrate that suh reasoning be-
omes however too simplisti when some interations in the EFT must be treated non-
perturbatively. This is the ase in Nulear Physis, and for some systems of Atomi Physis.
While the separation of sales between low-energy and high-energy degrees of freedom in
Nulear Physis makes it an ideal playground for EFT-methods, nding suh a power-
ounting proves a diult goal for few-nuleon systems. To establish a formalism whih is
self-onsistent, agrees with nulear phenomenology and an rmly be rooted in QCD, one
has to ope with shallow real and virtual few-nuleon bound-states. The deuteron size of
1
≈ 4.3 fm for example seems not to be onneted even to the soft sales of QCD, e.g. the pion
mass or deay onstant. The eetive low-energy degrees of freedom and symmetries of QCD
ditate a unique Lagrangean; but there are oneptually quite dierent ordering-shemes
available for the few-nuleon system whih lead to dierent, experimentally falsiable pre-
ditions. The naïvest versions perturb around the free theory and hene annot aommo-
date shallow bound-states at all. They are self-onsistent, but not onsistent with Nature.
Weinberg [2℄ proposed to build few-nuleon systems from a nuleon-nuleon potential whih
onsists of ontat interations and pion-exhanges onstrained by hiral symmetry. The
interations in the potential are ordered following naïve dimensional analysis as if the theory
would be perturbative, and the potential is then iterated to produe the unnaturally large
length sales in the two-nuleon system by ne-tuning between long- and short-distane
ontributions. Few-nuleon interations are added using the same presription. Whether
this approah orretly and self-onsistently reprodues QCD at low energies in the three-
and more-nuleon setor is an open question.
However, low-lying few-body bound-states also oer the opportunity for a more radial
approah: For momenta below the pion-mass, the only fores an be taken to be point-
like two- and more-nuleon interations. This Nulear Eetive Field Theory with pions
integrated out (EFT(π/)) is in the two-nuleon system manifestly self-onsistent and proves
 on quite general grounds  to be the orret version of QCD at extremely low energies,
one ne-tuning is observed, see Refs. [35℄ for reent reviews. A plethora of pivotal physi-
al proesses whih are both interesting in their own right and important for astrophysial
appliations and fundamental questions, e.g. big-bang nuleo-synthesis and stati neutron
properties, were investigated with high auray. One obtains usually quite simple, analyti
results, and most of the oeients are determined by simple, well-known long-range ob-
servables. Reently, a manifestly self-onsistent power-ounting for the three-nuleon fores
of EFT(π/) in the 2S 1
2
-wave of Nd-sattering was established [68℄. First high-auray al-
ulations also inluding external soures are now performed [9℄. A remarkable phenomenon
of this hannel is that the rst three-body fore appears already at leading order to sta-
bilise the wave-funtion against ollapse [10℄, leading to a new renormalisation-group phe-
nomenon, the limit-yle [1113℄, manifested also by the Emov eet [11, 14℄. This an
also be shown using a subtration method [15℄. It was also onrmed by an analysis of the
renormalisation-group ow in the position-spae version of the problem [16℄.
EFT(π/) is universal in a dual sense: First, its methods an be applied to a host of
systems in whih short-range fores onspire to produe shallow two-partile bound states:
One example are idential spin-less bosons, found in bound-states of neutral atoms like
the
4
He-dimer and -trimer whih are bound by van-der-Waals-fores, or loss rates in Bose-
Einstein ondensates near Feshbah resonanes, see Ref. [17℄ for a review. Our results
are thus readily taken over to suh systems. Seond, any onsistent EFT of nuleons and
pions must redue to EFT(π/) in the extreme low-energy limit. Therefore, lessons learned in
the latter shed light on the onsistent systematisation of the former. As EFTs are model-
independent, onsiderably more sophistiated and omputationally involved potential-model
alulations must agree with the preditions of EFT(π/) when they reprodue the two- and
three-body data whih are used as input for EFT(π/) to the same level of auray.
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This artile onfronts the power-ounting of three-body fores in any three-partile system
with large two-partile sattering lengthes and only ontat interations. It is organised as
follows: In Setion 2.1, the neessary foundations are summarised. After establishing the
superial degree of divergene of diagrams whih ontain only two-body fores in Set 2.2,
the far-oshell amplitude of the leading-order Faddeev equation in eah partial wave is
determined analytially in Set. 2.4 together with a short disussion of the Emov eet
in non-integer partial waves. Setion 2.4 then lassies at whih order a given three-body
fore is needed to render ut-o independent results. Physially relevant onsequenes are
disussed in Set. 3, together with some aveats. After the Conlusions, an Appendix
skethes some mathematial details. I also orret some errors in a brief summary of some
of the results in Ref. [18℄.
2 Three-Body Fores in EFT(π/)
2.1 Three-Body Systems with Large Two-Body Sattering-Length
We onsider three idential partiles N of mass M interating only with ontat fores suh
that two partiles form a shallow real or virtual two-body bound-state d. As the steps lead-
ing to the leading-order (LO) sattering-amplitude dN → dN were often desribed in the
literature, they are not overed here; see Ref. [19℄ also for the notation used in the follow-
ing. For onveniene, a deuteron eld is introdued as the auxiliary eld whih desribes
sattering between two partiles with an anomalously large sattering length 1/γ [2023℄.
Its propagator is therefore given by the LO-trunation of the eetive-range expansion [24℄:
D(q0, ~q) =
1
γ −
√
~q2
4
−Mq0 − iǫ
(2.1)
A real bound-state d has at this order the binding energy γ2/M ≪ Λπ/, muh smaller than the
breakdown-sale of EFT on whih new degrees of freedom are resolved. In the three-body
system, an innite number of diagrams ontributes at LO, see Fig. 1. The orresponding
Faddeev equation for sattering between the auxiliary eld d and the remaining partile,
rst derived by Skorniakov and Ter-Martirosian [25℄, is unitarily equivalent to the original
problem of sattering between three partiles [23, 26℄. One nds for Nd-sattering in the
lth partial wave in the entre-of-mass system the integral equation for the half o-shell
amplitude (before wave-funtion renormalisation)
t
(l)
λ (E; k, p) = 8πλ K(l)(E; k, p)−
4
π
λ
∞∫
0
dq q2 K(l)(E; q, p) D(E − q
2
2M
, q) t
(l)
λ (E; k, q) .(2.2)
With the kinematis dened in Fig. 1, E := 3
~k2
4M
− γ2
M
−iǫ is the total non-relativisti energy; ~k
the relative momentum of the inoming deuteron; ~p the o-shell momentum of the outgoing
one, with p = k the on-shell point; and the projeted propagator of the exhanged partile
3
Figure 1: Re-summation of the innite number of LO three-body diagrams (top) into the
orresponding Faddeev integral equation (bottom). Thik line (D): two-nuleon propagator;
thin line (K): propagator of the exhanged nuleon; ellipse: LO half o-shell amplitude.
on angular momentum l is
K(l)(E; q, p) := 1
2
1∫
−1
dx
Pl(x)
p2 + q2 −ME + pqx =
(−1)l
pq
Ql
(
p2 + q2 −ME
pq
)
. (2.3)
The lth Legendre polynomial of the seond kind with omplex argument is dened as in [27℄
Ql(z) =
1
2
1∫
−1
dt
Pl(t)
z − t . (2.4)
The spin-parameter λ depends on the spins of the three partiles and how they ombine.
The values for the physially most relevant three-body systems are summarised in Table 1.
λ = 1 λ = −1
2
3 spin-less bosons 3 nuleons oupled to S = 3
2
Wigner-symmetri part of Wigner-antisymmetri part of
3 nuleons oupled to S = 1
2
3 nuleons oupled to S = 1
2
Table 1: The spin-parameter λ for physial systems of idential partiles desribed by (2.2).
In EFT(π/), Nd-sattering in the S = 1
2
-hannel is at rst sight desribed by a more om-
plex integral equation beause two-nuleon sattering has two anomalously large sattering
lengthes: 1/γs in the
1S0-hannel, and 1/γt in the
3S1-hannel. Therefore, two luster-
ongurations exist in the three-nuleon system: In one, the spin-triplet auxiliary eld dt
4
(the deuteron) ombines with the spetator nuleon N to total spin S = 3
2
(quartet han-
nel) or S = 1
2
(doublet hannel), depending on whether the deuteron and nuleon spins are
parallel or anti-parallel. In the other, the spin-singlet auxiliary eld ds ombines with the
remaining nuleon to total spin S = 1
2
. In the doublet hannel, the Faddeev equation is
thus two-dimensional: The amplitude t
(l)
d,tt stands for the Ndt → Ndt-proess, t(l)d,ts for the
Ndt → Nds-proess, and with Ds/t dened analogously to (2.1):(
t
(l)
d,tt
t
(l)
d,ts
)
(E; k, p) = 2π K(l)(E; k, p)
(
1
−3
)
(2.5)
− 1
π
∞∫
0
dq q2 K(l)(E; q, p)
(
1 −3
−3 1
)(
Dt(E − q22M , p) 0
0 Ds(E − q22M , p)
)(
t
(l)
d,tt
t
(l)
d,ts
)
(E; k, q)
In the following, we are only interested in the unphysial short-distane behaviour of the
amplitudes, i.e. in the UV-limit for the half o-shell momenta of (2.5): p, q ≫ k, E, γs/t.
This sues to determine in Set. 2.4 the order at whih divergenes need to be an-
elled by ounter-terms parameterising three-nuleon interations. In this limit, the NN
sattering-amplitudes are automatially Wigner-SU(4)-symmetri, i.e. symmetri under ar-
bitrary ombined rotations of spin and iso-spin [6, 28, 29℄:
lim
q≫E,γs/t
Ds/t(E − ~q
2
2M
,~q) = lim
q≫E,γ
D(E − ~q
2
2M
,~q) = − 2√
3
1
q
(2.6)
Building the following linear ombinations whih are symmetri resp. anti-symmetri under
Wigner-transformations,
t
(l)
Ws
:=
1
2
(
t
(l)
d,tt − t(l)d,ts
)
, t
(l)
Wa
:=
1
2
(
t
(l)
d,tt + t
(l)
d,ts
)
, (2.7)
deouples thus the Faddeev equations of the doublet hannel [6℄:(
t
(l)
Ws
t
(l)
Wa
)
(p) = 4π K(l)(0; 0, p)
(
1
−1
2
)
(2.8)
+
4√
3π
∞∫
0
dq q2 K(l)(0; q, p)
(
2 0
0 −1
)
1
q
(
t
(l)
Ws
t
(l)
Wa
)
(q) .
t
(l)
Wa
obeys in this limit the same integral equation as the quartet-hannels, and t
(l)
Ws
is idential
to the one for three spin-less bosons [6, 10℄. The problem to onstrut the UV-behaviour of
the three-body system with large two-body sattering length simplies hene to onstruting
the solution of just one integral equation:
t
(l)
λ (p) = 8πλ lim
k→0
K(l)(3k
2
4
− γ2; k, p) + 8λ√
3π
(−1)l
∞∫
0
dq
p
Ql
(
p
q
+
q
p
)
t
(l)
λ (q) , (2.9)
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where the amplitude t
(l)
λ (p) depends only on the o-shell momentum p, the partial wave
l, and the spin-isospin ombination λ. The normalisation of the inhomogeneous part only
provides the overall sale of the solution and is hene irrelevant for the following.
In a slight abuse of terminology, the names deuteron and nuleon are used in the
remainder also when three idential bosons are onsidered.
2.2 Divergenes and Three-Body Fores at Higher Order
Naïve dimensional analysis is based on the UV-behaviour of the sattering amplitude: As
outlined in the Introdution, a three-nuleon fore is needed at some order as ounter-term
to absorb ut-o dependene indued in the physial amplitudes by divergenes, as the
ingredients of the Faddeev equation are rened to inlude higher-order eets. The running
of this three-body fore with the ut-o is then assumed to be of the same size as its initial
ondition, whih in turn must be determined from a three-body datum. Equivalently, a
three-body datum is needed at the same order as the rst divergene whih must be absorbed
by a three-nuleon interation. We therefore disuss now the superial degree of divergene
of higher-order orretions steming form the two-body setor of the theory.
As will be shown in the next Sub-setion, the half o-shell amplitude at large o-shell
momenta p≫ k is asymptotially given by
t
(l)
λ (p) ∝ kl p−sl(λ)−1 , (2.10)
where sl(λ) is in general a omplex number whih depends on the partial wave l and han-
nel λ. Higher-order orretions to three-nuleon sattering an be obtained by perturbing
around the LO solution, see Fig. 2. This is numerially triky [7, 8℄ also beause from
next-to-next-to-leading order (N
2
LO) on, the full LO-o-shell amplitude must be omputed
and onvoluted numerially with the orretions, see the entre bottom graph in Fig. 2.
However, it allows a simple determination of the order at whih the rst divergene ours.
Figure 2: Top: generi loop orretion (retangle) to the Nd-sattering amplitude at NnLO,
proportional to qn. Bottom, left to right: Exemplary higher-order ontributions to Nd
sattering from the eetive-range expansion (blob) and SD-mixing (irle). Hathed ellipse:
full o-shell amplitude. Notie that the external legs are on-shell.
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The asymptoti form of the amplitude at higher orders, and thus its superial degree of
divergene, follows from a simple power-ounting argument: With q the loop-momentum,
the non-relativisti nuleon-propagator sales asymptotially as 1/q2, its non-relativisti
kineti energy as q2/M , and a loop integral ounts as q5/M . The deuteron propagator
(2.1) approahes 1/q. Only orretions at NnLO whih are proportional to positive powers
of q are relevant in the UV-limit  all other orretions do not modify the leading-order
asymptotis. They appear together with some oeients C whih enode short-distane
phenomena and whose magnitude is hene set by the breakdown-sale of the theory. Suh
orretions sale asymptotially as (q/Λπ/)
n ∼ Qn for dimensional reasons. The asymptotis
of the generi N
n
LO-orretion to the LO amplitude represented by the retangle in the top
graph of Fig. 2 is thus proportional to
kl q−(sl(λ)+1) × q
5
M
M
q2
1
q
(
q
Λπ/
)n
× kl′ q−(sl′(λ′)+1) ∝ kl kl′ qn−sl(λ)−sl′ (λ′) . (2.11)
We therefore identify n− sl(λ)− sl′(λ′) as the superial degree of divergene of a diagram.
A orretion at N
n
LO diverges when
Re[n− sl(λ)− sl′(λ′)] ≥ 0 . (2.12)
While sl(λ) will turn out to be generially omplex, this ondition depends only on its
real part. The power n of the higher-order insertion is on the other hand a positive integer.
Notie also that this formula is not limited to sattering of three nuleons  it applies equally
well when external urrents ouple to nuleons inside the box of Fig. 2.
Usually, higher-order orretions mix dierent partial waves, and alsoWigner-symmetri and
Wigner-antisymmetri amplitudes in the doublet-hannel. They ome from any ombination
of the following eets, some of whih are depited in the lower panel of Fig. 2:
(1) Eetive-range orretions to the deuteron propagator,
D(q0, ~q)→ 1
γ −
√
~q2
4
−Mq0

 ∞∑
m=0
r0
2
(Mq0 − ~q24 ) +
∞∑
n=1
rn (Mq0 − ~q24 )n+1
γ −
√
~q2
4
−Mq0


m
. (2.13)
With the oeients rn ∼ 1/Λ2n+1π/ of natural size, these ontributions are ordered by
powers of Q ∼ q ∼ √Mq0: The eetive range r0 enters at NLO as one insertion into
the sattering-amplitude; rn0 at N
n
LO as n insertions, et. The orretion rn starts
ontributing with one insertion at N
2n+1
LO. They modify the UV-limit of D from 1/q
in (2.6) at N
n
LO to qn−1.
(2) As two-nuleon fores are non-entral, dierent two-nuleon partial waves mix, e.g. the
3S1- and
3D1-waves. This leads to mixing and spitting of partial waves also in the
three-body problem, so that in general sl(λ) 6= sl′(λ′). By parity-onservation, the
lowest-order mixing appears for l′ = l ± 2.
7
(3) The loal vertex of two nuleons sattering via higher partial waves L > 0 ontains
2L positive powers of q and mixes partial waves as well.
(4) Insertions into D whih orret for the expliit breaking of Wigner-SU(4)-symmetry
are proportional to the dierenes in the eetive-range oeients of the
1S0- and
3S1-system, e.g. to γs − γt or q2(ρ0,s − ρ0,t), see also [8℄. This leads to mixtures with
l = l′ but λ 6= λ′.
(5) Other orretions of less importane, like relativisti orretions to the deuteron prop-
agator D and to the nuleon propagator.
A longer remark is appropriate for orretions in whih the LO full o-shell amplitude
t
(l)
λ is sandwihed between two loop-momenta q1, q2. They lead to overlapping divergenes
in these two variables. Examples are given in the entre bottom graph of Fig. 2, or for a
orretion at N
n1+n1
LO involving one full o-shell amplitude in Fig. 3. Its asymptotis is
Figure 3: Exemplary graph ontaining the full o-shell amplitude. Its kinematis is dened
after the integrations over the energy-variables q1,0 and q2,0 are performed.
for eah o-shell momentum determined by the same Faddeev equation (2.2) with the only
dierene that the m-energy E and -momentum k beome independent variables, with the
on-shell point at k = p =
√
4(ME + γ2)/3. In the asymptoti region E ≪ k, p, the integral
equations for both o-shell momenta in the kinematis dened in Fig. 3 are hene in analogy
to (2.9) given by:
t
(l)
λ (k, p) = 8πλ
(−1)l
kp
Ql
(
p
k
+
k
p
)
+
8λ√
3π
(−1)l
∞∫
0
dq
p
Ql
(
p
q
+
q
p
)
t
(l)
λ (k, q)
= 8πλ
(−1)l
kp
Ql
(
p
k
+
k
p
)
+
8λ√
3π
(−1)l
∞∫
0
dq
k
Ql
(
k
q
+
q
k
)
t
(l)
λ (q, p)
(2.14)
It is symmetri under the interhange of k and p. In analogy to the solution of the half
8
o-shell amplitude in the next Sub-setion, its asymptotis is onstruted in App. A.3 as:
t
(l)
λ (k, p) ∝


1
kp
(
k
p
)sl(λ)
for p > k
1
kp
(p
k
)sl(λ)
for p < k

 ∝
1
kp
(2.15)
The latter follows by analyti ontinuation to p ∼ k ≫ E, γ. One may motivate this result
by observing that in the absene of any other sale, this is the result with both the orret
mass-dimensions and symmetry-properties. It is independent of the angular momentum and
spin-parameter. The superial degree of divergene of Fig. 3 is now easily determined for
q ∼ q1 ∼ q2 saling alike:
kl q
−(sl(λ)+1)
1
q51
M
M
q21
1
q1
×
(
q1
Λπ/
)n1
× 1
q1q2
× q
5
2
M
M
q22
1
q2
(
q2
Λπ/
)n2
× kl′ q−(sl′ (λ′)+1)2
∼ kl kl′ qn1+n2−sl(λ)−sl′ (λ′) (2.16)
The overlapping divergene E, k ≪ q1, q2 is hene also inluded in the previous estimate
(2.12) when n = n1 + n2. One readily generalises to any number j of insertions of full
o-shell amplitudes with two-nuleon interations at N
ni
LO, i = 1, . . . , j+1, between them
and the initial and nal half o-shell amplitudes. They all are overed by (2.12), with the
higher-order orretion at N
n
LO, n =
∑j+1
i=1 ni.
None of the orretions listed above leads at a given order N
n
LO to stronger modiations of
the short-distane asymptotis than those indued by eetive-range orretions entering at
the same order, and every order ontains also ontributions from eetive-range orretions.
2.3 Short-Distane Asymptotis of the Amplitude
We now just have to determine the unphysial short-distane behaviour of the amplitude to
infer from (2.12) at whih order the rst three-body fores are needed to absorb divergenes.
Naïvely, t
(l)
λ (p) should have the same asymptotis as eah of the individual diagrams whih
need to be summed at LO, see top row of Fig. 1. That means, the asymptoti form should
be given by the inhomogeneous or driving term as
t
(l)
λ (p) ∝ lim
k→0
K(l)(3k
2
4
; k, p) ∝ k
l
pl+2
, i.e. sl,simplisti(λ) = l + 1 . (2.17)
This simplisti appliation of a naïve dimensional estimate reets the expetation that
three-body fores should enter only at high orders, and that the asymptotis in higher partial
waves should be suppressed by a entrifugal barrier. Indeed, this estimate would lead from
(2.12) to the nding that the three-body fore in the lth partial wave  ontaining at least 2l
derivatives  ours only at N
2l+2
LO and is in partiular independent of the spin-parameter
9
λ. However, the three-body problem onsists already at leading order of an innite number
of graphs, see Fig. 1. As is well-explored for S-waves, this modies the solution drastially.
The integral equation (2.9) an be solved exatly by a Mellin transformation sine its
homogeneous term is sale-invariant and inversion-symmetri; see Appendix A for details.
An impliit, transendental, algebrai equation determines the asymptoti exponent sl(λ):
1 = (−1)l 2
1−lλ√
3π
Γ
[
l+s+1
2
]
Γ
[
l−s+1
2
]
Γ
[
2l+3
2
] 2F1 [ l + s+ 1
2
,
l − s+ 1
2
;
2l + 3
2
;
1
4
]
. (2.18)
It depends only on λ and l. The funtion 2F1[a, b; c; x] is the hyper-geometri series [27℄. This
formula omprises the main mathematial result of this artile, extends Danilov's result for
l = 0 [10℄, and forms in partiular the base to power-ount all three-body fores. However,
not all of its solutions solve also the integral equation: While both s and −s are together with
their omplex onjugates solutions to the algebrai equation, only those amplitudes whih
onverge for p → ∞ and for whih the Mellin transformation exists are permitted. Most
notably, this onstrains Re[s] > −1, Re[s] 6= Re[l] ± 2; see Appendix A. Furthermore, out
of the innitely many, in general omplex solutions for given l and λ, only the one survives
as relevant in the UV-limit whose real part is losest to −1, i.e. for whih Re[sl(λ) + 1] is
minimal. We onsider in the following only those solutions whih math these riteria.
Plots of one of the values in the quadruplet of two-parameter funtions {±sl(λ),±s∗l (λ)}
at xed l and xed λ, respetively, are given in Figs. 4 and 5. Table 2 lists the rst sl(λ)
for the partial waves l ≤ 4 and λ = {−1
2
; 1}, ompared to the simplisti estimate (2.17).
partial wave l sl(λ = 1) sl(λ = −12) sl,simplisti = l + 1
0 1.00624 . . . i 2.16622. . . 1
1 2.86380. . . 1.77272. . . 2
2 2.82334. . . 3.10498. . . 3
3 4.09040. . . 3.95931. . . 4
4 4.96386. . . 5.01900. . . 5
Table 2: Solutions sl(λ) to (2.18) for the most relevant physial systems.
Let us for the remainder of this sub-setion investigate the rih struture of this result.
Branh points our e.g. for (l = 0;λ ≈ −1
2
), where imaginary parts open. Avoided rossings
are found e.g. for (l = 1;λ = 1), et. While the solution is in general omplex, it is real for
non-negative integer l in the physial hannels disussed above, where λ = {1;−1
2
}. The
only exeption is the imaginary solution for (l = 0;λ = 1) rst found by Danilov [10℄. It
makes a three-body fore in this hannel mandatory already at LO as the system would
otherwise be unstable against ollapse of its wave-funtion to the origin, a phenomenon
well-known to be related to the Thomas- and Emov-eets [14, 30℄ and giving rise to a
10
Figure 4: The rst two solutions sl(λ) at λ = 1 (left) and λ = −12 . Solid (dotted): real
(imaginary) part; dashed: simplisti estimate (2.17); ross (square): real (imaginary) part
of the asymptotis obtained by a t of the full solution to the Faddeev equation (2.2) at
large o-shell momenta. Dark/light: rst/seond solution. An Emov eet ours only for
|Re[s]| < Re[l + 1], i.e. when the solid line lies below the dashed one, and Im[s] 6= 0.
Figure 5: sl(λ) at l = {0; 1; 2; 3}. Notation as in Fig. 4.
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limit-yle [1113℄ manifesting itself in the Phillips line [6, 31, 32℄. Its interpretation is not
the sope of this presentation; we only note that the power-ounting of three-body fores in
this hannel states that a new, independent three-body fore with 2l derivatives enters at
N
2l
LO [8℄. It must be seen as oinidene that the naïve dimensional estimate in (2.12) 
where n > 0 was assumed expliitly  leads to the same onlusion.
In general, s an be omplex, as for example at (l = 0;λ < −1
2
), (l = 1;λ > 1) or
l non-integer, λ = {1;−1
2
}. In that ase, out of the four independent solutions, the ones
with Re[s] ≤ −1 must be eliminated as t(p) does not onverge for them. In ases like
(l ∈ [−0.5819 . . . ; 0.3446 . . . ];λ = 1) where all four omplex solutions obey Re[s] > −1, only
the solutions with minimal Re[sl(λ) + 1] survive, as shown above. These remaining two
solutions s := sR ± isI are equally strong and must be super-imposed:
t
(l)
λ (p) ∝
sin[sI ln[p] + δ]
psR+1
(2.19)
Usually, Fredholm's alternative forbids that both the homogeneous and inhomogeneous
integral equations have simultaneous solutions. Therefore, the boundary onditions of the
integral equation x the phase δ to a unique value. However, when the kernel of the Faddeev
equation (2.2) is singular, this operator has no inverse and Fredholm's theorem does not
apply. For this to our, the solution to the integral equation must be unique only up to a
zero-mode of the homogeneous version, i.e.
8λ√
3π
(−1)l
∞∫
0
dq
p
Ql
(
p
q
+
q
p
)
a
(l)
λ (q) = a
(l)
λ (p) (2.20)
must have a non-trivial solution a
(l)
λ (q) 6≡ 0. As the expliit onstrution in App. A.2
demonstrates, this is the ase if and only if Re[l + 1] > |Re[s]|, i.e. when Re[s] is smaller in
magnitude than the blind estimate sl,simplisti, (2.17). In that ase, a one-parameter family of
solutions arises. A three-body fore is then neessary not to ure divergenes but to absorb
the dependene on the free parameter δ. Its initial ondition is not onstrained by two-
body physis but must be determined by a three-body datum. Thus, one nds a limit-yle
for suh systems, like for three spin-less bosons or the Wigner-symmetri part of the
2S 1
2
-
wave amplitude in Nd-sattering, (l = 0;λ = 1), disussed above. As easily read-up from
Figs. 4 and 5, this phenomenon ours for non-negative integer angular momentum only
when l = 0 and λ > 3
√
3/(4π), where Re[s] = 0. However, an Emov eet with omplex s
is often found for non-integer l, e.g. for l ∈ [−0.3544 . . . ; 0.5452 . . . ] in the three-boson ase,
λ = 1. A loser investigation will be interesting in view of a onjeture on regularising the
three-body system in Set. 3.2.
A numerial investigation of the Faddeev equation (2.2) onrms these ndings. In order
to ompute a solution, one introdues a ut-o Λ whih is un-physial and thus not to be
onfused with the breakdown-sale Λπ/ of the EFT. The numerial values of sl(λ) are found
from tting the half o-shell amplitude t
(l)
λ (E, k; p) at E, k, γ ≪ p ≪ Λ to the asymptoti
forms (2.10) and (2.19). A grid of 100 points is easily enough for a numerial preision in s
12
of about 1% 1. Agreement between the numerial and analytial solution is exellent also
at non-integer l and λ 6= {1,−1
2
}, see Fig. 6 besides Figs. 4 and 5 for examples. Partiularly
interesting is in that ontext the neighbourhood around the λ = −1
2
-solution in the S-wave
hannel, l = 0. Here, the rst solution to the algebrai equation (2.18) is s = 2, but the
Mellin transform does not exist at that point beause Re[s] = l±2. The system is here also
lose to the branh-point at (λ = −0.50416 . . . ; s ≈ 2.0836 . . . ), where an imaginary part
opens for smaller λ. Another branh-point lies at (l = 1;λ = 1.0053 . . . ; s = 2.93164 . . . ).
Figure 6: Left: Numerial and analytial solution for sl(λ) at l = 0 around λ = −12 . Right:
Numerial determination of sl(λ), exemplied for l = 1, λ = 1.5, omparing data (rosses)
and the tted funtion (2.19) (solid line). Notation as in Fig. 4.
To summarise, the algebrai equation (2.18) for sl(λ) provides asymptoti solutions of the
form (2.10) to the three-body Faddeev equation (2.2) for Re[s] > −1 and Re[s] 6= Re[l± 2].
Only those solutions are relevant in the UV-limit p≫ γ, E, k for whih Re[s+1] is minimal.
The Emov eet ours only if Im[s] 6= 0 and |Re[s]| < Re[l + 1], beause only then is the
kernel of the integral equation not ompat.
2.4 Ordering Three-Body Fores
Although divergenes an our as soon as the superial degree of divergene Re[n −
sl(λ) − sl′(λ′)] ≥ 0, only those are physially meaningful whih an be absorbed by three-
body ounter-terms, i.e. by a loal interation between three nuleons in the given hannels.
Naïve dimensional analysis does not onstrut the three-body fores. It thus predits some
divergenes whih are absent when the diagram is atually alulated. There is for example
no Wigner-SU(4) anti-symmetri three-body fore without derivatives [6℄, so that the diver-
gene must in this ase be at least quadrati for innite ut-o, Re[n− sl(λ)− sl′(λ′)] ≥ 2.
For nite ut-o Λ, a three-body fore without derivatives an be onstruted whih is
non-loal on a sale smaller than 1/Λ  but appears of ourse loal at sales smaller than
1
A simple Mathematia-ode an be down-loaded from http://www.physik.tu-muenhen.de/hgrie.
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the break-down sale Λπ/ . Λ of EFT(π/). As its oeient dis-appears when the ut-o is
sent to innity, it is in a renormalisation-group analysis lassied as irrelevant. Exept for
this example whih is relevant below, this artile will however simply assume that the rst
three-body fore enters with the rst divergene. To onstrut these fores in detail is left
for future, more thorough investigations.
The solution of (2.18) approahes for large integer l in the physially most interesting ases
λ = {1;−1
2
} the simplisti estimate of (2.17): s
simplisti
= l + 1; see Table 1 and Figs. 4,
5. This reets that the Faddeev equation should be saturated by the Born approxima-
tion in the higher partial waves beause of the ever-stronger entrifugal barrier between the
deuteron and the nuleon. Therefore, three-body fores enter in most hannels for all pra-
tial purposes at the same order as suggested by the simplisti argument, namely N
l+l′+2
LO
between the lth and l′th partial waves. It is therefore onvenient to introdue the variable
∆l(λ) := sl(λ)− (l + 1) (2.21)
whih parameterises how strongly simplisti and atual asymptoti form dier. For ∆ > 0,
the superial degree of divergene of the LO amplitude is weaker than guessed by (2.17).
In the lower partial waves l, l′ ≤ 2, however, the blind expetation deviates substantially
from the exat solution; see Table 3. For (l = 0;λ = 1), for example, sl,simplisti = l+1 under-
estimates the short-distane asymptotis of t(p), while s0(1) = 1.006 . . . i is even imaginary.
A limit-yle signals that one must inlude a three-body fore already at LO, as briey
hinted upon above. Multiple insertions of three-body fores are not suppressed.
For two partial waves, the formula (2.17) substantially over-estimates the asymptotis
of t
(l)
λ . Therefore, a three-body fore is in hannels whih involve these partial waves weaker
than predited by a simplisti appliation of naïve dimensional analysis. Consider rst the
ase of three bosons with (l = 1;λ = 1): s = 2.86 . . . > s
simplisti
= 2, ∆ = 0.86 . . . . While
the rst divergene from the two-body setor arises in this partial wave at N
5.72
LO, one
would  following (2.17)  have predited the rst three-body fore as neessary already at
N
4
LO. It is in this hannel hene demoted by ≈ 1.7 orders.
The situation is even more drasti in the
4S 3
2
-hannel of Nd-sattering, (l = 0;λ = −1
2
):
Here, only divergenes whih are at least quadrati are physial beause the rst three-body
fore must ontain at least two derivatives sine the Pauli priniple forbids a momentum-
independent three-nuleon fore  or equivalently, no Wigner-SU(4) anti-symmetri three-
body fore exists [6℄. Therefore, the divergene ondition (2.12) reads Re[n−sl(λ)−sl′(λ′) ≥
2. Sine s = 2.16 . . . > s
simplisti
= 1, the rst three-body fore enters thus not at N4LO but
at least two orders higher, namely at N
6.33...
LO.
As as example for mixing between partial waves, onsider the
4S 3
2
-wave: It mixes with
both the
4D 3
2
-wave (λ = −1
2
) and the Wigner-symmetri and anti-symmetri omponents
of the
2D 3
2
-wave (λ = 1 or −1
2
). All of them are already lose to the estimate sl,simplisti =
l + 1 = 3 > sl=0(λ = −12). Still, the rst divergenes indued by this mixing start from
(2.12) at N
≈5
LO, i.e. approximately one order higher than blindly guessed.
More modiations indued by mixing and splitting of partial waves as well as expliit
breaking of the Wigner-SU(4)-symmetry are straight-forwardly explored, but left to a future
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hannel estimate simplisti
(λ; l) (λ′; l′) partial waves Re[sl(λ) + sl′(λ′)] l + l′ + 2
(1; 0) (1; 0) 2S
Ws
-
2S
Ws
LO N
2
LO promoted
(1; 0) (−1
2
; 0) 2S
Ws
-
2S
Wa
N
2.2+2
LO
N
2+2
LO
(−1
2
; 0) (−1
2
; 0) 2S
Wa
-
2S
Wa
N
4.3+2
LO demoted
(1; 0) (−1
2
; 2) 2S
Ws
-
4D N3.1LO
N
4
LO
promoted
(−1
2
; 0) (−1
2
; 2) 2S
Wa
-
4D N5.3LO demoted
(1; 1) (1; 1) 2P
Ws
-
2P
Ws
N
5.7
LO demoted
(1; 1) (−1
2
; 1) 2P
Ws
-
2P
Wa
,
2P
Ws
-
4P N4.6LO N4LO demoted
(−1
2
; 1) (−1
2
; 1) 2P
Wa
-
2P
Wa
,
4P-4P N3.5LO
(−1
2
; 0) (−1
2
; 0) 4S-4S N4.3+2LO N2+2LO demoted
(−1
2
; 0) (1; 2) 4S-2D
Ws
N
5.0
LO
N
4
LO
demoted
(−1
2
; 0) (−1
2
; 2) 4S-2D
Wa
,
4S-4D N5.3LO demoted
(1; 2) (1; 2) 2D
Ws
-
2D
Ws
N
5.6
LO
(1; 2) (−1
2
; 2) 2D
Ws
-
2D
Wa
,
2D
Ws
-
4D N5.9LO N6LO
(−1
2
; 2) (−1
2
; 2) 2D
Wa
-
2D
Wa
,
4D-4D N6.2LO
Table 3: Order n0 at whih the leading three-nuleon fore enters for the lowest hannels
l, l′ ≤ 2, omparing the simplisti estimate (2.17) and the atual values (2.12/2.18). The list
follows the physial partial wave mixing, and the sub-sript Ws (Wa) denotes the Wigner-
symmetri (anti-symmetri) ontribution. In the
2S
Wa
- and
4S 3
2
-hannels, the absene of
a three-nuleon fore without derivatives is taken into aount by the fator +2. The
last olumn indiates whether the three-body fore is stronger (promoted) or weaker (de-
moted) than the simplisti estimate suggests. When the dierene between the two is in
magnitude smaller than 0.5, they are quite arbitrarily assumed to enter at the same order.
publiation. Table 3 summarises the ndings for the physially most relevant three-body
hannels l, l′ ≤ 2. Exept in the 4S 3
2
-hannel, it does not take into aount whether a three-
body ounter-term an atually be onstruted at the order at whih the rst divergene
ours. However, while this an make a three-body fore our at a higher absolute order
than listed, the relative demotion of a three-body fore to higher orders by modiations of
the superial degree of divergene holds.
Frational orders are a generi feature of (2.18), ombined with (2.12). Consider again
as example the ase (l = 0;λ = −1
2
), where the rst two-body divergene appears formally
at n = 6.33 . . . , while inluding a two-body orretion with frational order is of ourse
impossible: Clearly, the N
7
LO-amplitude diverges without three-body fores, but one ould
also argue that it is prudent to inlude a three-body fore already at N
6
LO beause the
higher-order orretion to the amplitude onverges only weakly, namely as q−0.33. Therefore,
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the integral over q beomes unusually sensitive to the amplitude at large o-shell momenta,
above the breakdown-sale Λπ/ of the EFT, and therefore to details of Physis at distanes
on whih the EFT is not any more valid. In the more drasti ase sl=4(λ = −12) = 5.02 . . . ,
∆ = 0.02 . . . , the rst three-body fore enters following (2.12) at N10.04LO. Therefore, no
divergene arises in the two-body setor before N
11
LO, but it seems reasonable to inlude it
already at N
10
LO beause the higher-order orretions from two-nuleon insertions onverge
then generially to a ut-o independent result only very slowly, namely as q−0.04.
Naïve dimensional analysis annot deide the question at whih order preisely a fra-
tional divergene gives rise to a three-body fore as it argues on a diagram-by-diagram
basis, missing possible anellations between dierent ontributions at the same order. One
way to settle it is to see whether the ut-o dependene of observables follows the pattern
required in EFT. Reall that N
n
LO orretions ontribute to observables typially as
Qn =
(
ptyp
Λπ/
)n
(2.22)
ompared to the LO result and that low-energy observables must be independent of an
arbitrary regulator Λ up to the order of the expansion. In other words, the physial sat-
tering amplitude must be dominated by integrations over o-shell momenta q in the region
in whih the EFT is appliable, q . Λπ/. As argued e.g. by Lepage [33℄, one an therefore
estimate sensitivity to short-distane Physis, and hene provide a reasonable error-analysis,
by employing a momentum ut-o Λ in the solution of the Faddeev equation and varying
it between the breakdown-sale Λπ/ and ∞. If observables hange over this range by on-
siderably more than Qn+1, a ounter-term of order Qn should be added. This method is
frequently used to hek the power-ounting and systemati errors in EFT(π/) with three
nuleons, see e.g. most reently [19℄. A similar argument was also developed in the ontext
of the EFT with pions of Nulear Physis [34, 35℄. Suh reasoning goes however beyond
the lear presription aording to whih only divergenes make the inlusion of ounter-
terms mandatory and opens the way to a softer riterion  whih is obviously formulated
rigorously only with great diulty. How to treat frational orders in a well-presribed
and onsistent way must thus be investigated further.
2.5 How Three-Body Fores Run
Before turning to pratial onsequenes of these observations, let us for a moment inves-
tigate how the strengthes of three-body fores have to sale with q in order to absorb the
divergenes (2.11) from two-body interations. In ontradistintion to the above onsid-
erations where the spei form of the three-body fore did not enter, we now limit the
disussion to those three-body fores whih an be re-written as deuteron-nuleon intera-
tions. Clearly, all three-body fores whih are needed to absorb divergenes from two-nuleon
eetive-range orretions proportional to rn fall into that lass
2
. As disussed in Set. 2.2,
this is no severe restrition beause every divergene ontains suh a piee. The leading on-
tributions are given by the diagrams of Fig. 7. At even higher orders, two- and three-body
2
But not neessarily three-body fores whih ontribute to the mixing and splitting of partial waves.
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Figure 7: Generi leading orretions from three-body fores whih an be re-written as
Nd-interations with at least l + l′ derivatives.
orretions our simultaneously in one graph. Let the three-body fore between deuteron
and nuleon with relative inoming momentum p and outgoing momentum p′ sale as
pl pl
′ h
Λl+l
′+2
π/
(2.23)
where the dimension-less oupling h enodes the short-distane details of three interating
nuleons whih are not resolved in EFT(π/). It absorbs hene also the divergenes generated
at order sl(λ) + sl′ from two-body interations, (2.11), to render the result at this order
insensitive of unphysial short-distane eets. The parameter h must thus formally sale
as q to some power α whih is determined suh that at least one of the three-body fore
graphs appears at the same order as the divergene. The graphs sale and diverge as:
(a) ∼ kl kl′ qα , no divergene
(b1) ∼ kl kl′ qα−∆l(λ) , diverges for Re[∆l(λ)] ≤ 0
(b2) ∼ kl kl′ qα−∆l′(λ′) , diverges for Re[∆l′(λ′)] ≤ 0
() ∼ kl kl′ qα−∆l(λ)−∆l′ (λ′) , diverges for Re[∆l(λ)] ≤ 0 or Re[∆l′(λ′)] ≤ 0
(2.24)
The tree-level ontribution is of ourse free of divergenes. Notie that the three-body
fore h absorbs for non-integer s also the non-analyti piee of the divergene (2.11), and
in partiular the phase δ when Im[s] 6= 0, see (2.19). This piee is non-analyti in the
un-physial o-shell momentum q, but of ourse analyti in the low-energy momentum k.
The graphs ontaining three-body fores enter at the same order for all hannels whih
follow the simplisti estimate of (2.17), i.e. ∆l(λ),∆l′(λ
′) = 0. Then, all three-body or-
retions (a-) our at the same order α, the three-body fore ounts as h ∼ qα = ql+l′+2,
and the logarithmi divergenes of the loop-diagrams (b1/2,) are absorbed into h as well.
To determine the order at whih a three-body fore enters, it is therefore suient to ount
in this ase its mass-dimension, whih is also given by l + l′ + 2, see (2.23). This is nearly
realised in the higher partial waves, where |∆| is usually not bigger than 0.3.
For (l = 0;λ = 1), however, Re[∆] = −1 and α = 0. Now, multiple insertions of three-
body fores are not suppressed and the Emov eet mandates inluding the three-body
fore in the LO Faddeev equation. The strength h depends on the arbitrary phase δ, showing
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a limit-yle [1113℄ as manifested in the Phillips line [6, 31, 32℄. Interestingly, the diagrams
(a,b1/2)  as well as their analogues with higher-order three-nuleon fores  now beome
following (2.24) formally orretions of higher order, as found numerially in Ref. [7℄.
As seen in the previous Setion, three-body fores appear in many hannels at higher
orders than expeted. This now also re-groups the graphs ontaining three-body fores.
Aording to the saling properties (2.24), the tree-level diagram (a) is in the (l = 1;λ = 1)-
hannel ≈ 1.7 orders weaker than the leading three-body diagram () beause ∆ = 0.86 . . . .
It an therefore safely be negleted when absorbing the leading divergenes from two-body
insertions. The graphs (b1/2) are down by ≈ 0.9 . . . orders. For (l = 0;λ = −1
2
), this
is even more pronouned: With ∆ = 1.16 . . . , the tree-level three-body ontribution (a)
is suppressed by more than two, and (b1/2) by more than one order against the sand-
wihed three-body graph (), so that both an be negleted when the leading divergenes
are absorbed into () only. Notie that all three-body orretions onverge for ∆ > 0.
Possible overlapping divergenes ompliate a similar analysis in the ase of three-body
fores whih annot be re-written as Nd-interations, warranting further investigations
whih are however not entral to this presentation.
3 Consequenes
The rst goal of this publiation has been reahed: Eq. (2.12) is an expliit formula for the
order at whih the rst three-body fore must be added to absorb divergenes. It depends on
the partial wave l and hannel λ via the exponent sl(λ) whih haraterises the asymptoti
form of the half o-shell sattering matrix t
(l)
λ (E, k; p) and is determined by (2.18). A
simplisti appliation of naïve dimensional analysis, (2.17), provides a good estimate for all
partial waves l ≥ 2. However, it over-rates three-body fores of the three-nuleon system for
example in the
4S 3
2
- and
2P-hannels, while it under-estimates them e.g. in the 2S 1
2
-wave;
see the summary in Table 3. In the ase of three spin-less bosons, the P-wave three-body
interation is weaker, while the S-wave interation is stronger than the simplisti argument
suggests. With these ndings, the EFT of three spin-less bosons and the pion-less version
of EFT in the three-nuleon system, EFT(π/), are self-onsistent eld theories whih ontain
the least number of ounter-terms at eah order to ensure renormalisability. Eah three-
body ounter-term gives rise to one subtration-onstant whih must be determined by a
three-body datum. Let us explore in this Setion some physially relevant results whih an
be derived from these ndings.
3.1 Context
Amending Naïve Dimensional Analysis: As outlined in the Introdution, power-
ounting by naïve dimensional analysis amounts for perturbative theories to little more
than ounting the mass-dimensions of the interations [1℄. In this ase, only a nite number
of diagrams ontributes at eah order. When the LO amplitude is however non-perturbative,
i.e. an innite number of diagrams must be summed to produe shallow bound-states, then
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the situation hanges: The LO amplitude an follow for large o-shell momenta a dierent
power-law than the one whih one obtains when one onsiders the asymptoti form of eah
of the diagrams separately. Then, the anonial appliation turns out to be too simplisti
and must be modied as in Set. 2.3. This is neither a failure of naïve dimensional analysis,
nor should it ome ompletely unexpetedly. An example is indeed already found in the
two-body setor of EFT(π/). Reall that an innite number of two-body sattering diagrams
are re-summed into the LO deuteron propagator (2.1) to produe the shallow two-body
bound state, Fig. 8. Eah of the diagrams diverges as qn, with n the number of loops. Their
Figure 8: Re-summation of the innite number of LO two-body diagrams into the deuteron
propagator given by (2.1).
sum onverges however as 1/q for large momenta, see (2.6). In this ase, the solution is
obtained by a geometri series and the neessary hanges are easily taken into aount, see
the reviews [35, 17℄. What may ome as a surprise is that this an also happen when both
all LO diagrams separately and their re-summation are ultra-violet nite. In the three-body
ase, all diagrams atually show the same power-law behaviour 1/ql+1, see (2.17). However,
the re-summed form looks very dierent, exhibiting a non-integer and even omplex power-
dependene (2.18). This does not our for every system with shallow bound-states. For
example, the exhange of a Coulomb photon between two non-relativisti, harged partiles
in non-relativisti QED sales asymptotially as 1/q2. The exat solution of the Coulomb
problem has the same saling behaviour.
External urrents: The power-ounting of three-body fores developed above applies
equally when external urrents ouple to the three-nuleon system. The only hange is
that the higher-order interation in Fig. 2 beomes more involved, introduing also the
momentum- or energy-transfer from the external soure as additional low-energy sales.
Three-body fores at higher orders: Another trivial extension is to power-ount three-
body fores beyond the leading ones. In that ase, the superial degree of divergene must
by analytiity be larger than a positive even integer, Re[n− sl(λ)− sl′(λ′)] ≥ 2m, m ∈ 2N0.
The higher-order three-body fore ontains 2m derivatives more than the leading one (m =
0) and enters 2m orders higher. We used this already to power-ount the rst three-body
fore in the
4S 3
2
-hannel. The power-ounting based on naïve dimensional analysis agrees for
the
2S 1
2
-hannel with the one whih was reently established by a more areful and expliit
onstrution [68℄.
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3.2 Conjetures
Prediting the
4S 3
2
-sattering length: The rst onjeture follows from the observation
above that three-body fores are demoted in the
4S 3
2
-wave from a N
4
LO-eet by two orders
to N
6.3
LO. This has immediate onsequenes for the quartet-S wave sattering-length of the
nuleon-deuteron system whih has drawn substantial interest reently. Its knowledge sets at
present the experimental unertainty in an indiret determination of the doublet sattering
length [36℄, whih in turn is well-known to be sensitive to three-body fores [31℄. It was
determined repeatedly in EFT(π/) at N2LO, with dierent methods to ompute higher-order
orretions agreeing within the predited auray [2123, 26℄, e.g. most reently [19℄:
a(4S 3
2
) = (5.091︸ ︷︷ ︸
LO
+1.319︸ ︷︷ ︸
NLO
− 0.056︸ ︷︷ ︸
N
2
LO
) fm = [6.35± 0.02] fm . (3.1)
The theoretial auray by negleting higher-order terms is here estimated onservatively
by Q ∼ γ≈45 MeV
Λpi/≈mpi ≈
1
3
of the dierene between the NLO- and N
2
LO-result. This agrees very
well with experiment [37℄, [6.35 ± 0.02] fm, albeit partial wave mixing, iso-spin breaking
and eletro-magneti eets are not present in EFT(π/) at N2LO. As the amplitude deays
at large o-shell momenta as 1/p3.16..., see Table 1, it is not surprising that a(4S 3
2
) is to a
very high degree sensitive only to the orret asymptoti tail of the deuteron wave funtion.
The rst three-body fore
3
enters not earlier than N
6
LO  taking a onservative approah
as desribed above to round the frational order. Indeed, if the theoretial unertainty
dereases steadily from order to order as it does from NLO to N
2
LO, then one should be
able to reah an auray of ±(1
3
)4× 0.06 fm . ±0.001 fm with only two-nuleon sattering
data as input  provided those in turn are known with suient auray. Indeed, this is not
muh smaller than the range over whih modern high-preision potential-model alulations
dier: [6.344 . . . 6.347] fm [38, 39℄. To use this number hene as input into a determination
of the doublet sattering-length as a(2S 1
2
) = [0.645 ± 0.003(exp) ± 0.007(theor)] fm [36℄
seems justied, and the error indued by the theoretial unertainty might atually be over-
estimated. Notie that if the three-nuleon fore would our in EFT(π/) at N4LO as the
simplisti expetation (2.17) suggests, the error should be of the order of (1
3
)2 × 0.06 fm ≈
0.007 fm, onsiderably larger than the spread in the potential-model preditions.
An alternative regularisation: More speulative is the possibility for a new regularisa-
tion sheme. In priniple, (2.18) gives the asymptotis sl(λ) of the half o-shell amplitude
for arbitrary  even omplex  l and λ. As this funtion is largely analyti, one ould use
analyti ontinuation for a partial wave regularisation of the three-body system. This is
partiularly attrative to regulate the limit-yle problem of the
2S 1
2
-wave (l = 0;λ = 1),
whose pratial impliations are at present mostly disussed by ut-o regularisation. How-
ever, the algebrai solution to (2.18) suers  as disussed in Set. 2.3  from onstraints
by branh-uts and regions where the Mellin transformation does not exist. In addition, a
3
In the mixing between the
2S 1
2
-,
2D- and 4D-waves, three-body fores appear already at N5LO, see
Table 3, but they are irrelevant for the sattering length.
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limit-yle is enountered only when s has an imaginary part, and its real part is smaller
than the simplisti estimate (2.17). However, the imaginary part dis-appears in the viin-
ity of the physial point (l = 0;λ = 1) only where s has a branh-ut, see Figs. 4 and 5.
Blankleider and Gegelia [40℄ attempted to use analytiity in λ at xed l = 0 to regulate the
three-boson problem at LO without resorting to three-body fores to stabilise the system.
3.3 Caveats
Weak points in the derivation should also be summarised:
(1) As always in naïve dimensional analysis, one obtains only the superial degree of
divergene. Exept in the
4S 3
2
-hannel, the lassiation of Table 3 does not take into
aount whether a three-body ounter-term an atually be onstruted at the order
at whih the rst divergene ours. However, while the atual degree of divergene
must usually be determined by an expliit alulation, it is is never larger than the
superial one. Therefore, a three-body fore an possibly our at a higher absolute
order than predited by naïve dimensional analysis, but this applies then equally well
to the simplisti estimate. Therefore, the relative demotion of a three-body fore to
higher orders by the modied superial degree of divergene holds. In this ontext,
the three-body fores whih an ontribute in a given hannel, and in partiular to
partial-wave mixing, should be onstruted expliitly. Here, the symmetry priniples
invoked above an be helpful.
(2) The divergene of eah diagram was onsidered separately, missing possible anel-
lations between dierent ontributions at a given order. This would again demote
three-body fores to higher orders than determined by the superial degree of diver-
gene. It would also require a ne-tuning whose origin would have to be understood.
When further re-summations of innitely many diagrams should be neessary beyond
LO, naïve dimensional analysis must be amended further. This ould happen when
the power-ounting developed here does not aord to nulear phenomenology.
(3) Modiations by overlapping divergenes should also be explored. Again, they weaken
the degree of divergene, but are partiularly important for those three-body fores
whih annot be re-written as Nd-interations.
(4) The problem of frational orders: Sine the LO amplitude involves an innite num-
ber of graphs, equivalent to the solution of a Faddeev equation, the amplitude ap-
proahes for large half o-shell momenta generially a power-law behaviour q−sl(λ)−1
with irrational and even omplex powers. Three-body fores ontain therefore follow-
ing Set. 2.5 non-analyti piees. We assume that this behaviour is hanged at higher
orders only by integer powers beause higher-order orretions involve only a nite
number of diagrams after the LO-graphs are summed into the Faddeev equation. At
whih onrete order a given three-nuleon interation needs to be inluded to ren-
der observables ut-o independent an therefore beome a question beyond the lear
21
presription aording to whih only divergenes make the inlusion of ounter-terms
mandatory. A softer riterion is formulated rigorously only with great diulty.
(5) The two-nuleon propagator (2.1) at the starting point of the derivation was taken to
be already renormalised. This should pose no problem as the Faddeev equation was
solved without further ut-os, so that no overlapping divergenes our. Indeed, any
sale-less regulator (like dimensional regularisation) will lead to the same result.
(6) Partial wave-mixing and -splitting as well as mixing between Wigner-SU(4) symmetri
and anti-symmetri amplitudes should be onsidered in more detail. However, we saw
already examples where these eets are suppressed. For example, the power-ounting
in the partial wave with the lowest angular-momentum amongst those that mix is
unhanged, see the
4S 3
2
-
4D 3
2
-
2D 3
2
-mixing in Table 3. The higher the partial wave, the
loser is its asymptotis to the simplisti expetation (2.17).
(7) We assumed  as usual in EFT  that the typial size of three-nuleon ounter-terms
is set by the size of their running. There are ases where the nite part of a ounter-
term is anomalously large and thus should be inluded already at lower orders than
the naïve dimensional estimate suggests. One example is the anomalous iso-vetor
magneti moment of the nuleon whih is as large as the inverse expansion parameter
of EFT(π/), κ1 = 2.35 ≈ 1/Q [41℄. Suh ases are however rare and must be justied
with are.
Finally, Blankleider and Gegelia [40℄ laimed in an unpublished preprint 5 years ago
that the
2S 1
2
-wave problem an be solved at LO without resorting to a three-body fore to
stabilise the system against ollaps. Aording to them, if the Faddeev equation has multiple
solutions, then only one is equivalent to the series of diagrams drawn in Fig. 1. We fous in
this artile on the higher partial waves where the Faddeev equation has  as demonstrated
in Set. 2.3  always unique solutions for integer l > 0 and λ ∈ {1;−1
2
}, so that the alleged
disrepany annot arise. Distrating the reader for a moment, one may however point out
a few observations whih ontradit the laim of Ref. [40℄. The derivation of the Faddeev
equation is just a speial ase of Shwinger-Dyson equations, whih are well-known to be
derived in the path-integral formalism without resort to perturbative methods, see e.g. [42,
Chap. 10℄. One resorts to a series of diagrams only for illustrative purposes like in Fig. 1.
Reall that in the ase of the three-body system, no small expansion parameter exists in
whih this series an be made to onverge absolutely. In addition, and on a less formal level,
well-known properties of the three-body system like the Thomas and Emov eets [14, 30℄
and the Phillips line [6, 31, 32℄ are not explained under the assertions of Ref. [40℄. These
universal properties were reently also tested experimentally, e.g. for partile-loss rates in
Bose-Einstein ondensates near Feshbah resonanes, see [17℄ for a review.
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4 Conlusions and Outlook
In this artile, the ordering of three-body ontributions in three-body systems also oupled
to external urrents was onstruted systematially for any EFT with only ontat intera-
tions and an anomalously large two-body sattering length. Evading expliit alulations,
the result is based on naïve dimensional analysis [1℄, improved by the observation that be-
ause the problem is non-perturbative already at leading order, the solution to the Faddeev
integral equation does for large o-shell momenta not follow a simplisti dimensional es-
timate, Sets. 2.3 and 3.1. This was shown by onstruting the analytial solution to the
Faddeev equation in that limit for arbitrary angular momentum and spin-parameter. One
ould thus develop a partial-wave regularisation as an alternative to regulate and renor-
malise the three-body system. A simplisti approah to naïve dimensional analysis fails for
systems whih are non-perturbative already at leading order.
In order to keep observables insensitive to the details of short-distane Physis, one
employs the anonial EFT tenet that a three-body fore must be inluded if and only if it
is needed as ounter-term to anel divergenes whih an not be absorbed by renormalising
two-nuleon interations. After determining the superial degree of divergene of a diagram
whih ontains only two-nuleon interations in Set. 2.2, this was used in Set. 2.4 to lassify
the relative importane of three-body interations for eah hannel, also for partial-wave
mixing and splitting. With these results, the EFT of three spin-less bosons and EFT(π/)
beome self-onsistent eld theories whih ontain the minimal number of parameters at eah
order to ensure renormalisability and a manifest power-ounting of all fores. Eah suh
three-body ounter-term gives rise to one subtration-onstant whih must be determined
by a three-body datum.
It must again be stressed that three-body fores are in EFT(π/) added not out of phe-
nomenologial needs. Rather, they ure the arbitrariness in the short-distane behaviour
of the two-body interations whih would otherwise ontaminate the on-shell amplitude,
and hene make low-energy observables ut-o independent on the level of auray of the
EFT-alulation. Reall that the theory beomes invalid at short distanes as proesses
beyond the range of validity of EFT(π/) are resolved, namely the pion-dynamis and quark-
gluon sub-struture of QCD. Three-body fores are thus not introdued to meet data but
to guarantee that observables are insensitive to o-shell eets. Only the ombination of
two-body o-shell and three-body eets is physially meaningful.
Most of the three-nuleon fores in partial waves with angular momentum less than 3
have a weaker strength than one would expet from a blind appliation of naïve dimen-
sional analysis, see Table 3. This might seem an aademi dis-advantage  to inlude some
higher-order orretions whih are not aompanied by new divergenes does not improve
the auray of the alulation; one only appears to have worked harder than neessary.
However, it beomes a pivotal point when one hunts after three-body fores in observables:
In order to predit the experimental preision neessary to dis-entangle these eets, the
error-estimate of EFT is a ruial tool. For many problems, this makes soon a major dier-
ene in the question whether an experiment to determine three-body fore eets is feasible
at all. One suh onsequene was disussed in Set. 3.2: The
4S 3
2
-wave sattering length is
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fully determined by two-nuleon sattering observables on the level of ±0.001 fm aording
to the power-ounting of EFT(π/) developed here. This is more than a fator of ten more
aurate than the present experimental number [37℄, but supported by the observation that
all modern high-preision two-nuleon potentials predit this observable to a similarly high
auray [38, 39℄. If a three-nuleon fore (even one saturated by pion-exhanges) would o-
ur at the order at whih it is blindly expeted, the spread in the potential-model preditions
should be onsiderably larger.
The onsequenes for other observables like the famed Ay-problem [43℄ should also be
explored. This will be partiularly simple in EFT(π/) beause the theory is less involved and
Table 3 sorts the three-nuleon fores aording to their strengthes, indiating also their
symmetries and the hannels in whih they ontribute on the neessary level of auray.
The onlusions, onjetures and aveats of Set. 3 summarise a number of further interesting
diretions for future researh.
To lassify the order at whih a given two- or three-nuleon interation should be added in
Chiral EFT, the EFT of Nulear Physis with pions as expliit degrees of freedom, I suggest
to follow a path as for EFT(π/) whih omplements the so-far mostly pursued phenomeno-
logial approah: At leading order, the theory must be non-perturbative to aommodate
the nely-tuned real and virtual two-body bound states in the S-waves of two-nuleon sat-
tering. After that, only those loal two- and three-nuleon fores are added at eah order
whih are neessary as ounter-terms to anel divergenes of the amplitudes at short dis-
tanes. This mandates a more areful look at the leading-order, non-perturbative sattering
amplitudes to determine their ultraviolet-behaviour and superial degree of divergene,
see e.g. [44℄ and referenes therein. It leads at eah order and to the presribed level of
auray to a ut-o independent theory with the smallest number of experimental input-
parameters. The power-ounting is thus not onstruted by eduated guesswork but by
rigorous investigations of the renormalisation-group properties of ouplings and observables
by EFT-methods. Work in this diretion is under way, see also [45℄, and the future will
show its viability.
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A Solving the Integral Equation
A.1 Construting the Solution
The Mellin transformation of a funtion f(p), see e.g. [46℄, is dened as
M[f ; s] :=
∞∫
0
dp ps−1 f(p) if
∞∫
0
dp
p
|f(p)|2 exists. (A.1)
Applying this to both sides of (2.9) and using the faltung theorem [46, Chap. 4.8℄, one
obtains the algebrai equation
M[t; s] = 8πλM[lim
k→0
K(l)(3k
2
4
− γ2; k, p); s] + 8λ√
3π
(−1)l M[Ql
(
x+
1
x
)
; s− 1]M[t; s] ,
(A.2)
whih is easily solved for M[t; s]. Thus, one now only has to apply an inverse Mellin
transformation,
t(p) =
1
2πi
c+i∞∫
c−i∞
ds p−s M[t; s] , (A.3)
where the inversion ontour must be plaed in the strip c in whih all of the original Mellin
transformations exist.
However, there is no Mellin transform of K(l) in the limit γ, k ≪ p beause it is propor-
tional to (k)l/pl+2. One therefore has to resort for the inhomogeneous term to a slightly
more ompliated, half-plane transformation [46, Chap. 8.5℄:
M−[lim
k→0
K(l)(3k
2
4
− γ2; k, p); s] :=
1∫
0
dp ps−1 lim
k→0
K(l)(3k
2
4
− γ2; k, p) ∝ k
l
s− l − 2
M+[lim
k→0
K(l)(3k
2
4
− γ2; k, p); s] :=
∞∫
1
dp ps−1 lim
k→0
K(l)(3k
2
4
− γ2; k, p) ∝ − k
l
s− l − 2
(A.4)
These Mellin transforms M− and M+ exist for Re[s] > Re[l + 2] and Re[s] < Re[l + 2],
respetively. The solution to the integral equation is in this ase given by [46, eq. (8.5.43)℄:
t
(l)
λ (p) =
1
2πi
[ σ−+i∞∫
σ−−i∞
ds p−s
8πλM−[lim
k→0
K(l)(3k2
4
− γ2; k, p); s]
1− 8λ√
3π
(−1)l M[Ql
(
x+ 1
x
)
; s− 1] +
σ++i∞∫
σ+−i∞
ds p−s
8πλM+[lim
k→0
K(l)(3k2
4
− γ2; k, p); s]
1− 8λ√
3π
(−1)l M[Ql
(
x+ 1
x
)
; s− 1] + (A.5)∮
ds p−s
S(p)
1− 8λ√
3π
(−1)l M[Ql
(
x+ 1
x
)
; s− 1]
]
,
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where σ− > Re[l + 2] and σ+ < Re[l + 2]. The denominator is simply the Mellin transform
of the resolvent of the Faddeev equation. Not surprisingly, it determines the asymptotis of
the solution. The funtion S(p), determined by the boundary-onditions, is in general an
analyti funtion in the strip σ− < Re[p] < σ+ in whih the integration ontour lies.
We thus see that the partiular solution is nally dened everywhere exept at those
points Re[s] = Re[l] ± 2 where M±[lim
k→0
K(l)] does not exist. It is not neessary to perform
the ontour-integrations leading to an analyti solution here. Rather, we note that
t
(l)
λ (p) =
∞∑
i=1
ci
kl
ps
(i)
l (λ)+1
with 1 =
8λ√
3π
(−1)l M[Ql
(
x+
1
x
)
; s
(i)
l (λ)] (A.6)
with some xed oeients ci with whih the ith zero s
(i)
l (λ) of the denominator in (A.5)
enters at xed (l;λ)  unfortunately, there is no losed form for these residues. We used that
beause Ql(x + 1/x) is real and symmetri under x → 1/x, the zeroes in the denominator
of (A.5) ome in quadruplets {±s(i)l (λ);±s(i)∗l (λ)}. Only the s(i) := s losest to −1 is
important for the amplitude at large p, as it provides the strongest UV-dependene. Notie
again that only those solutions exist whih do not diverge as p → ∞ and for whih the
Mellin transformationM[Ql
(
x+ 1
x
)
; s] exists as well.
A.2 How To Do an Integral
To obtain the zeroes of the denominator  or equivalently equation (2.18) in the main
text  we now perform the Mellin transformation of Ql
(
x+ 1
x
)
. First, one represents the
Legendre polynomial by a hyperboli funtion [27, eq. (8.820.2)℄, and then uses in turn the
series-representation for 2F1 [27, eq. (9.100)℄:
Ql
(
x+
1
x
)
=
√
π Γ[l + 1]
2l+1 Γ[l + 3
2
]
(
x+
1
x
)−l−1
2F1[
l + 2
2
,
l + 1
2
; l +
3
2
;
(
x+
1
x
)−2
] (A.7)
=
√
π Γ[l + 1]
2l+1 Γ[ l
2
+ 1] Γ[ l+1
2
]
∞∑
n=0
Γ[ l
2
+ 1 + n] Γ[ l+1
2
+ n]
Γ[l + 3
2
+ n] Γ[n + 1]
(
x+
1
x
)−(2n+l+1)
This series is onvergent beause
(
x+ 1
x
)−2
< 1 for all x ∈ [0;∞], f. [27, eq. (9.102)℄. Now,
perform the Mellin transformation of eah term using [27, eq. (3.251.2)℄:
∞∫
0
dx x2n+s+l (x2 + 1)−(2n+l+1) =
1
2
Γ[n + l+s+1
2
] Γ[n+ l−s+1
2
]
Γ[2n+ l + 1]
(A.8)
This integral exists for Re[2n + l + 1] > |Re[s]|, and hene for suiently large n, i.e. for
an innite, absolutely onverging sequene. By analyti ontinuation, the result an thus
be shown to be orret for all n. After a few simple manipulations also with the aid of the
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doubling formula [27, eq. (8.335.1)℄, one an re-sum the series again:
M[Ql
(
x+
1
x
)
; s] =
√
π 2−(l+2)
∞∑
n=0
4−n
Γ[n+ l+s+1
2
] Γ[n + l−s+1
2
]
Γ[n + l + 3
2
] Γ[n + 1]
(A.9)
=
√
π 2−(l+2)
Γ
[
l+s+1
2
]
Γ
[
l−s+1
2
]
Γ
[
2l+3
2
] 2F1 [ l + s+ 1
2
,
l − s+ 1
2
;
2l + 3
2
;
1
4
]
.
Inserting this into (A.6) leads to the algebrai equation (2.18) for the oeients sl(λ) given
in the main text.
When does a solution to the homogeneous version of (2.9) exist? In general, no arbitrary
homogeneous terms an be added due to Fredholm's alternative: A non-zero solution exists
for a given boundary ondition either for the inhomogeneous or for the homogeneous integral
equation. This follows also from the onsiderations leading to (A.5) beause the two regions
in whih M−[lim
k→0
K(l)(3k2
4
− γ2; k, p); s] and M+[lim
k→0
K(l)(3k2
4
− γ2; k, p); s] are dened do in
general not overlap, so that S(p) has no support.
However, whenM[Ql
(
x+ 1
x
)
; s] itself exists, then the homogeneous version of the inte-
gral equation has a solution. In that ase, (A.8) exists for eah n, and in partiular for n = 0,
so that one must have Re[l+1] > |Re[s]|. As shown in Set 2.3, the kernel is then singular,
irumventing Fredholm's alternative. Danilov [10℄ disussed the ase (l = 0;λ = 1), where
the Mellin transformation is listed in [27, eq. (4.296.3)℄ with the onstraint 1 > |Re[sl=0]|,
onsistent with our result.
To summarise, all Mellin transformations of the partiular solution in (A.5) are well-dened
for all (s, l, λ) exept for the driving term, and for the bak-transformation (A.5). This
onstrains the values of s to:
Re[s] 6= Re[l]± 2 , Re[s] > −1 (A.10)
The homogeneous part of the Faddeev equation has in general a solution only if the kernel
is not ompat. This is found for
|Re[s]| < Re[l + 1] . (A.11)
A.3 The Full O-shell Amplitude
One obtains the solution to the full o-shell Faddeev equation (2.14) easily as follows:
Replae 8πλM±[lim
k→0
K(l)(3k2
4
− γ2; k, p); s] in App. A.1 by
M[8πλ (−1)
l
kp
Ql
(
p
k
+
k
p
)
; s] = 8πλ (−1)l ks−2 M[Ql
(
x+
1
x
)
; s− 1] . (A.12)
The asymptoti form given in (2.15) follows now from the analogue to (A.5/A.6), keeping
in mind that the ontours an only be losed in the positive half-plane when k < p, and in
the negative one when k > p. Notie that both o-shell momenta must obey the integral
equations (2.14).
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